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Abstract
In this study, we analyze solutions of the wave equation for scalar particles in a space-time
with nontrivial topology. Solutions for the Klein–Gordon oscillator are found considering two
configurations of this space-time. In the first one, it is assumed the S1 × R3 space where the
metric is written in the usual inertial frame of reference. In the second case, we consider a rotating
reference frame adapted to the circle S1. We obtained compact expressions for the energy spectrum
and for the particles wave functions in both configurations. Additionally, we show that the energy
spectrum of the solution associated to the rotating system has an additional term that breaks the
symmetry around E = 0.
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I. INTRODUCTION
The local and the global structures of space-time play an important role in the behavior
of quantum systems. In this aspect, it is believed that global features of space-time may
be directly related to the shift of energy levels of quantum particles. In the particular case
of the S1×R1(time)×R2(space) space-time, which is locally flat but which has a nontrivial
topology, one may consider the effect of periodic boundary conditions in one spatial direction.
In this space-time we have one compactified spacelike dimension, thus it is expected that
although the flat geometry, measurable effects occur in observable quantities. Nontrivial
space-times have been studied extensively in literature, interesting applications are found in
the study of atomic Bose-Einstein condensates [1] with toroidal optical dipole traps. In the
context of quantum field theory, vacuum polarization in a nonsimply connected space-time
with the topology of S1 × R3 is considered in [2]. It was found that the vacuum energy for
a free spinor field in twisted and untwisted configurations are different in S1 × R3 space.
On the other hand, in quantum mechanics the harmonic oscillator is one of the most
significant systems to be studied. In recent years, the relativistic version of the harmonic
oscillator has been considered in several studies [3–16]. This important potential has been
introduced as a linear interaction in the Klein–Gordon equation [17]. In the case of the Dirac
equation, the so called Dirac oscillator has been introduced as an instance of a relativistic
potential such that its nonrelativistic limit leads to the harmonic oscillator plus a strong
spin-orbit coupling [18], this result is similar to the one that is obtained for the Klein–Gordon
oscillator when the spin-orbit is absent. Most recently, the relativistic harmonic oscillator
has been studied in the context of the Kaluza–Klein theory [19], where the Klein–Gordon
oscillator coupled to a series of cosmic strings in five dimension has been considered. In
[20, 21] the author considers the effect of such kind of topological defect on scalar bosons
described by the Duffin–Kemmer–Petiau (DKP) formalism. The Klein–Gordon oscillator
in a noncommutative phase space under a uniform magnetic field has been studied in [22].
In this paper the authors conclude that the Klein–Gordon oscillator in a noncommutative
space with an uniform magnetic field has behavior similar to the Landau problem in the
usual space-time.
Another aspect of interest in our work is the influence of noninertial effects on quantum
systems. As in classical physics, quantum mechanics is sensitive to the use of noninertial
1
reference systems. These effects can be taken into account through an appropriate coordinate
transformation. Previous research reported in literature [23, 24] shows that rotating frames
in the Minkowski space-time can play the role of a hard-wall potential. Recently these ideas
have been applied to the case of spaces with nontrivial topology. In particular, a rotating
system was proposed recently in Ref. [25] where a scalar field on a circle (topology S1×R1)
with a Dirichlet cut has been considered. In [26], a similar study was carried out in the case
of a five-dimensional space-time.
Therefore, in this contribution, we will study bosons in the S1 × R3 space-time by con-
sidering the scalar wave equation for the Klein–Gordon oscillator. In fact, solutions of wave
equations in curved spaces and nontrivial topology have been explored in various contexts
[16, 26–37]. We will examine the combination of the Klein–Gordon oscillator and a space
with nontrivial topology. Afterwards, a rotating frame in the S1 × R3 space-time will be
considered. We will show that the oscillator potential can form bound states for the Klein–
Gordon equation in this space-time, and beyond that the momentum associated with the
nontrivial topology is discrete. This is an expected result, since the topology of S1 × R3
space is associated with the periodicity of the boundary conditions. In the case of a rotating
frame in the S1 × R3 space-time, we will see interesting results associated with noninertial
effects: the energy levels are shifted and the region of the space-time where the particle can
be placed, is restricted.
This work is organized as follows: In Section II, we will study the space-time metric with
a nontrivial topology and define a coordinate transformation that connects it to a rotating
frame. In Section III, we will derive the Klein–Gordon (KG) equation with a potential of
the harmonic oscillator type and solve the associated differential equation. Similarly, we will
solve again the KG equation in Section IV but we will consider a noninertial frame. Finally,
we will present our conclusions in Section V.
II. NONTRIVIAL SPACE-TIME TOPOLOGY AND NONINERTIAL REFER-
ENCE FRAME
In this section, we define the line element that describes the space-time geometry in
agreement with the proposal of this work. We want to study the behavior of massive
scalar fields (zero spin particles) under the influence of a gravitational field generated by
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a space-time with the nontrivial topology S1 × R3. In this geometry, R3 represents the
usual uncompactified space-time directions, and S1 is an extra compactified dimension. We
discuss the relationship between S1×R3 and the effects for a rotational frame inserted in that
scenario. Fig. 1 shows a representation of this space-time where the temporal coordinate is
absent.
FIG. 1. Representation of the topologically nontrivial space-time S1 × R3 . In this background,
we discuss a frame with a constant angular velocity adapted to the circle S1
The metric in polar coordinates describing the space-time under consideration is described
by the expression
ds′2 = −dt′2 + dr′2 + r2dφ′2 +R2dθ′2, (1)
where, −∞ < t′ < ∞ and 0 < r′ < ∞ represent the temporal and radial coordinate
range respectively. The parameter R is the radius of the circle S1, θ′ and φ′ are angular
coordinates defined in the range 0 ≤ θ′, φ′ ≤ 2pi. Also in this coordinate system, Eq. (1)
can be rewritten for a S1 rotating system of reference with constant angular velocity Ω, by
means of the transformation
t′ = t, r′ = r, φ′ = φ, θ′ = θ + Ωt, (2)
and inserting the coordinate transformation (2) into Eq. (1), we were able to get the line
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element
ds2 = −dt2 + dr2 + r2dφ2 +R2(dθ + Ωdt)2
= −(1− R2Ω2)dt2 + dr2 + r2dφ2 +R2dθ2 + 2R2Ωdθdt,
(3)
where, we write the components of the covariant metric tensor related to Eq. (3) in the
matrix form
gµν =


−(1 −R2Ω2) 0 0 R2Ω
0 1 0 0
0 0 r2 0
R2Ω 0 0 R2


,
together with its contravariant version
gµν =


−1 0 0 Ω
0 1 0 0
0 0 1
r2
0
Ω 0 0 1
R2
− Ω2


.
We can see that both gµν and g
µν are non-diagonal. The non-null components outside the
diagonal are effects originated from the rotational frame inserted in this scenario by means of
the coordinate transformation (2). Note that for Ω = 0 we retrieve the line element described
in Eq. (1). From Eq. (3), we can observe that R is defined in the interval 0 < R < R0
where R0 =
1
Ω
. That is, the rotating reference system can only be defined for distances
where R < 1
Ω
. In fact, since for R > 1
Ω
, the time component g00 of the metric becomes
negative, so that such a condition is not physically acceptable. The non-compatibility of the
rotational reference system with real particles at great distances is related to the fact that
at that location the velocity of the frame becomes greater than the velocity of light in the
vacuum and therefore such a system can not be defined from real bodies [26]. Thus, it is
convenient to restrict a range to R, where of course this condition imposes a size limit for
the extra compact dimension in a noninertial frame. The direction of the movement occurs
counterclockwise, that is, Ω ≥ 0.
III. KLEIN–GORDON OSCILLATOR IN NONTRIVIAL TOPOLOGY
In this section we study the Klein–Gordon oscillator in a geometry S1 × R3. Spin-0
bosonic particles are described by a scalar field denoted as Ψ(x). The dynamics of such a
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scalar field is determined by the so-called Klein–Gordon equation, to which we now turn our
attention. Let us investigate, from this point on, the formulation of an equation equivalent
to the scalar wave equation for the Klein–Gordon oscillator under the curved space-time
under consideration and then to solve it. Let us first write in the Minkowski geometry.
Recalling that a true real scalar field in this space-time (in units c = ~ = 1) obeys the wave
equation
(ηµν∂µ∂ν +m
2)Ψ = 0, (4)
where m is the mass of the particle and ηµν are the components of the metric tensor. The
generalization of the Klein–Gordon equation for curved space-time, that is, a region affected
by a gravitational field, is done by substituting the metric tensor ηµν by the metric tensor
that describes the curved space-time, gµν, and the partial derivative ∂µ for the covariant
derivative ∇µ. Thus, the Klein–Gordon equation in a curved space-time is written as[
1√−g∂µ(
√−ggµν∂ν) +m2
]
Ψ = 0, (5)
where g is the determinant of gµν . Now, the quantum description of a particle takes into
account elements of the space-time geometry in question. In this scenario, the coupling by
means of a scalar interaction is given by the potential V (r), that is, an arbitrary scalar
potential. This procedure is done by means of a redefinition of the mass term of the form:
m→ m+V (r). Substituting this redefinition form in (5) we obtain the following differential
equation: [
− 1√−g∂µ(g
µν
√−g∂ν) + (m+ V )2
]
Ψ = 0. (6)
Let us now study the Klein–Gordon oscillator. Such a procedure is similar to one that
is carried out for the insertion of an electromagnetic interaction which is made by the
introduction of a 4-vector potential external vector Aµ (Gauge field). The Klein–Gordon
oscillator at S1×R3 is examined by the following transformation in the momentum operator
pµ,
pµ −→ (pµ + imωXµ), (7)
where m is the mass of the particle, ω is the oscillation frequency and Xµ = (0, r, 0, 0) is
the potential in polar coordinates in the radial direction r. Thus, the general form for the
Klein–Gordon equation is given by equation[
− 1√−g (∂µ +mωXµ)g
µν
√−g(∂ν −mωXν) + (m+ V )2
]
Ψ = 0. (8)
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Therefore, now we write Eq. (8) in the space-time given by the line element (1). Considering
V = 0, we obtain the equation:
[
− ∂
2
∂t2
+
1
r
(
∂
∂r
+mωr
)(
r
∂
∂r
−mωr2
)
+
1
r2
∂2
∂φ2
+
1
R2
∂2
∂θ2
−m2
]
Ψ = 0, (9)
that may be written in the form
[
− ∂
2
∂t2
+ (
1
r
∂
∂r
) +
∂2
∂r2
− 2mω −m2ω2r2 + 1
r2
∂2
∂φ2
+
1
R2
∂2
∂θ2
−m2
]
Ψ = 0, (10)
that is independent of the coordinates t, θ and φ. Thus, to solve Eq. (10), let’s assume that
the solution is given as follows
Ψ(t, r, θ, φ) = f ′(r)e−iEte+ilφeinθ, (11)
where l = n = 0,±1,±2,±3, are the quantum numbers, and E is the energy of the particle.
Substituting Eq. (11) into Eq. (10), we obtain
[
d2
dr2
+
1
r
d
dr
−m2ω2r2 − l
2
r2
+ E2 −m2 − 2mω − n
2
R2
]
f ′(r) = 0, (12)
that is a second-order differential equation for the radial coordinate of the Klein–Gordon
equation. Considering the transformation f ′(r) = F (r)√
r
into Eq. (12), we have the expression
[
d2
dr2
−m2ω2r2 − (l
2 − 1
4
)
r2
+ λ2
]
F (r) = 0, (13)
with λ2 = E2−m2− 2mω− n2
R2
. The radial differential equation above describes the Klein–
Gordon oscillator in a space-time with nontrivial topology. To obtain the solution of (13),
we first propose a transformation in the radial coordinate of the following form,
ρ = mωr2, (14)
which, inserted in the differential Eq. (13), lead to the expression:
[
ρ
d2
dρ2
+
1
2
d
dρ
− 1
4
ρ− (l
2 − 1
4
)
4ρ
+
λ2
4mω
]
F (ρ) = 0. (15)
Therefore, to get the normalizable eigenfunctions we can suppose a general solution in the
form
F (ρ) = ρ
1
2
(|l|+ 1
2
)e
−ρ
2 R(ρ), (16)
6
where, from Eq. (15), by substituting expression (16) for F (ρ), and remembering that the
parameter l is a constant, we obtain the differential equation associated with the radial
solution
ρ
d2R(ρ)
dρ2
+ (| l | +1− ρ) dR(ρ)
dρ
−
(
1
2
| l | +1
2
− λ
2
4mω
)
R(ρ) = 0. (17)
We can observe that the final differential equation for R(ρ) is of the confluent hypergeometric
type or the Kummer equation, which is a second order that is linear homogeneous equation.
Equation (17) has as solution the hypergeometric function given by
R(ρ) =1 R1(A,B; ρ), (18)
where A and B are parameters defined by
A =
1
2
| l | +1
2
− λ
2
4mω
, (19)
B =| l | +1. (20)
At this stage we may obtain the energy spectrum related to the confluent hypergeometric
type solution. It is necessary that confluent hypergeometric function be a polynomial func-
tion of degree N by considering its asymptotic behavior that demands that parameter A be
a negative integer [38]. Thus, it is certainly possible to write the expression
A =
1
2
| l | +1
2
− λ
2
4mω
= −N, N = 0, 1, 2, ... (21)
Now we can solve this equation for energy, since λ depends on E, the result is given by
E = ±
√
m2 +
n2
R2
+ 2mω(2N ′+ | l |), N ′ = N + 1 = 1, 2, 3, ... (22)
It is interesting to note that the energy is symmetric around E = 0, this means that particles
and antiparticles have the same energy spectrum in this system. As shown in Fig. 2, it is
possible to observe this behavior explicitly. In relation to the frequency of the oscillator,
we can see that the energy increases, in absolute values, as ω grows. The spectrum also
depends on the quantum number n and the radius R of the compactified dimension. Due
to the mathematical form of expression (22), as n increases, the values of the energy also
increases.
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FIG. 2. The plots of E as functions of the variable ω displayed for three different values of N with
the parameters m = 1, R = 1, n = 1.
IV. KLEIN–GORDON OSCILLATOR IN NONINERTIAL REFERENCE FRAME
In this section, we will study the influence of noninertial effects of a referential in rotation
in a space-time with nontrivial topology, applied to the Klein–Gordon wave equation with a
Klein–Gordon oscillator potential. Therefore, based on the procedures that were discussed
in the previous section, in our computational developments that will be developed here, we
will first recast the differential equation for the Klein–Gordon oscillator in the space-time
described by the line element of Eq. (3). Therefore, considering V = 0, Eq. (8) becomes
[
− ∂
2
∂t2
+
∂2
∂r2
+
1
r
∂
∂r
− 2mω −m2ω2r2 + 1
r2
∂2
∂φ2
+
(
1
R2
− Ω2
)
∂2
∂θ2
+ 2Ω
∂
∂t
∂
∂θ
−m2
]
Ψ = 0.
(23)
This is the wave equation for spin-0 particles with the potential of the Klein–Gordon oscil-
lator submitted to a rotating frame in a space-time with nontrivial topology. We can see
that the solution of Eq. (23) will have the same form discussed above, i.e., (11). Thus, by
substituting (11) into (23), the expression is in effect,
[
d2
dr2
+
1
r
d
dr
−m2ω2r2 − l
2
r2
+ (E + Ωn)2 − 2mω − n
2
R2
−m2
]
f ′(r) = 0. (24)
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In this stage, by considering the transformation f ′(r) = F (r)√
r
, we can write the radial equation
(24) in the form [
d2
dr2
−m2ω2r2 − (l
2 − 1
4
)
r2
+ γ2
]
F (r) = 0, (25)
where we define γ2 = (E+Ωn)2−2mω− n2
R2
−m2. Using the expression (14), we can rewrite
the radial Eq. (25) in the following form,
[
ρ
d2
dρ2
+
1
2
d
dρ
− 1
4
ρ− (l
2 − 1
4
)
4ρ
+
γ2
4mω
]
F (ρ) = 0, (26)
and therefore, by performing a substitution of the solution described in (16) in the radial
equation (26), we find the expression
ρ
d2R(ρ)
dρ2
+ (| l | +1− ρ) dR(ρ)
dρ
−
(
1
2
| l | +1
2
− γ
2
4mω
)
R(ρ) = 0. (27)
The asymptotic behavior of hypergeometric confluent function implies that
1
2
| l | +1
2
− γ
2
4mω
= −N, N = 0, 1, 2, ... (28)
Again, we can solve this equation for E and the result obtained can be written in the form
E = −nΩ ±
√
m2 +
n2
R2
+ 2mω(2N ′+ | l |), N ′ = N + 1 = 1, 2, 3, ..., (29)
FIG. 3. The plots of E as functions of the variable ω displayed for three different values of N with
the parameters m = 1, R = 1, n = 1, Ω = 0.5.
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Now the energy spectrum depends on the angular velocity of the frame. The first term
is related to the noninertial effects and appears frequently in this type of physical system.
The second term is the usual energy spectrum of an inertial frame. As it can be seen in Fig.
3, the effect of the referential rotation breaks the symmetry around E = 0.
V. CONCLUSIONS
In this work, we have determined solutions of the Klein–Gordon oscillator in a topologi-
cally nontrivial space-time. We have considered two different settings in this space. In the
first case it is assumed the usual S1 × R3 space where the metric is written in the usual
way and as a second case, it is considered a frame with a constant angular velocity adapted
in the circle S1 by considering a coordinate transformation. In both studied systems , we
have solved the wave equations and have obtained the discrete energy spectrum associated
with bound states. It was possible to see that the combined effect of a space with nontriv-
ial topology and the Klein–Gordon oscillator allows the formation of bound states. When
noninertial effects were taken into account, we verified that the energy spectrum lost the
symmetry around E = 0, i.e the additional term of the energy spectrum, in the case of
the noninertial frame, causes a deviation from usual values. Other studies in the literature
related to rotating reference systems show that the additional term that arises is associ-
ated with the coupling between the rotational angular momentum and the angular quantum
number [23, 24, 39].
Additionally, we have shown that the space-time topology modifies the energy spectrum.
In fact, the S1 × R3 space is associated with the periodicity of the boundary condition
of the wave function. Consequently, the quantum number associated with the S1 circle is
discrete. In future works it may be interesting to extend the results obtained in this paper to
spaces with different topologies and potentials. Effects of rotation on non-compact spatial
coordinates is another type of configuration that we can study. In this way, the combination
of inertial effects on different spatial coordinates can be useful in understanding the effect
of the choice of noninertial reference frames in quantum mechanics.
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